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X-Codes: Error Control with Unknowable Inputs!
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This paper studies a class of codes recently introduced
and now being used for digital system test compaction [1].
An X-code produces a hash from an input vector in a way
that guarantees that errors in the inputs change the re-
sulting hash despite the presence of unknowable inputs.
Unlike an erasure, the value of an unknowable input can-
not be inferred. This property does not allow charac-
terization in terms of Hamming distance alone, and, to
the best of our knowledge, X-codes have not been stud-
ied prior to their recent introduction. See [1] for de-
tails on the digital testing problem, and our technical
report for further details on this paper. Some classes of
X-codes overlap with deterministic combinatorial group
testing (CGT) solutions, and the rich CGT literature
(e.g., [2]) provides constructions and insight for those
classes.

Given an n X m matrix H representing a binary linear
code, we calculate an m-bit hash P from an n-bit input
vector V as P = VH. We formulate X-codes in terms of
reduced matrices. For a set of rows S, the reduced matriz
Hg is the matrix formed by removing (from H) all rows
in S and all columns in which any row in S contains
a 1. We denote by A 4 the class of X-codes for which
any two input vectors with the same hash are separated
by a Hamming distance of at least d in the presence of
up to z unknown input values. More formally, the class
X ,q contains all matrices H such that, for any set .S of up
to x rows of H, the code defined by the reduced matrix
Hg has a Hamming distance of at least d. Classes &y >
are identical to the superimposed, or x-disjunct, codes
developed for CGT.

For any n x m matrix H €X} 4, the compaction ra-
tio n/m is constrained by the properties of the class.
Any identity matrix belongs to all classes of X-codes:
Yn,z,d, I, €Xpq. We say that an X-code is non-
trivial if its compaction ratio is greater than one. Note
that Xp11,4CXyp g, and Xy g11C X, g. Similarly, using a
code to handle fewer unknowns increases its Hamming
distance, i.e., X, ¢CXy_1,4+1, but the converse does not
hold. These subset relationships form a partial ordering
on the X-code classes; the ordering relative to a class
Xp.q is defined for a second class Xy 4 (assume wlog
x> )ife+d>a" +d.

We now provide theorems and constructive bounds for
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certain classes of X-codes. Constructions from the CGT
literature can also be applied to classes with d = 2. For
the purposes of comparing two X-codes, we say that the
first is smaller (larger) than the second if the first has
fewer (more) outputs than the second. Similarly, we say
that an X-code is minimal for a given class and a given
number of inputs if no smaller code in the class has the
same number of inputs. Minimal codes are guaranteed to
exist, but are not necessarily unique or non-trivial.

Theorem 1 (extends CGT results for X, 2) For any code
matric H €X; 4, and for any set S of v + 1 rows of H,
there exists a set C' of x + 1 columns such that the sub-
matriz Hyj, Yi € S, Vj € C is a permutation matriz (an
identity matriz under row or column permutations).
Theorem 2 The weight (number of 1s) of any row in the
matriz of a smallest non-trivial code H €X, 4 is at least
z+ 1.

Theorem 3 (based on a construction) For any minimal
code in X3, m < 3[logzn].

Theorem 4 The Steiner system 2-(9,3,1) is a smallest
non-trivial code in Xy .

The submatrices of Theorem 1 are also sufficient for
membership in &7 >, which leads to a construction for
minimal X-codes using an NP-complete algorithm. The
implication of Theorem 2 is that, when trying to con-
struct minimal codes to handle x unknowns, we need
consider only rows with weight greater than z. More
detailed relationships between &, > and Steiner systems
can be found in the CGT literature. Asymptotic bounds
for compaction efficiency as a function of fractional row
weight are shown below for several X-code classes.
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